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 A Note on  l 1 -rigid Planar Graphs
 M . D EZA AND J . T U ˚  MA
 In this note we study scale embeddings of graphs into hypercubes . Let  G  5  ( V ,  E ) be
 a graph and  d G  the usual path metric of  G . By a hypercube we mean the edge graph  H q
 of the  q -dimensional binary cube . The path metric  d H  of  H q  is simply the Hamming
 distance .
 By a scale embedding of  G  into  H q  with scale  l  or a  l -embedding of  G  to  H q , we
 mean a binary addressing  w :  V  5  h 0 ,  1 j q  such that
 l d G ( u ,  y  )  5  d H ( w ( u ) ,  w ( y  ))
 for any two vertices  u ,  y  P  V .  We also say that  G  is an  l 1 -graph if there exists a scale
 embedding of  G  into  H q  for some  q .
 The  l 1 -graphs were characterized by Shpectorov in [5] and later by Deza and
 Grishukhin in [1] : a graph is an  l 1 -graph if f it is an isometric subgraph of a product of
 half-cubes and cocktail party graphs . Moreover , Shpectorov proved that the problem of
 testing  l 1 -embeddability of graphs is polynomial .
 Deza and Laurent introduced in [2] the concept of  l 1 -rigid graphs . A graph  G  is
 l 1 -rigid if f it admits essentially unique  l 1 -embedding . From [5] we obtain that every
 l 1 -rigid graph  G  is an isometric subgraph of a half-cube , i . e .  G  admits an embedding
 into a hypercube with scale  l  5  1 or 2 .
 Deza and Laurent tested in [2]  l 1 -rigidity of members of certain well-known classes
 of graphs . A large class of planar  l 1 -graphs was described by Prisakar , Soltan and
 Chepoi in [4] .
 In this note we consider  l 1 -rigidity of another class of planar graphs—cycles of cycles .
 These are connected planar graphs containing just one interior vertex  c  called the
 centre . All bounded regions  r 1  ,  .  .  .  ,  r k , where  k  >  3 ,  are incident with  c  and can be
 cyclically ordered in such a way that the boundaries of any two subsequent regions
 intersect a single edge (incident with  c ) .  If the order  r 1  ,  .  .  .  ,  r k  satisfies this condition ,
 and  C 1  ,  .  .  .  ,  C k  denote the corresponding boundaries , then  C i  >  C i 1 1  5  e i ,i 1 1 for
 i  5  1 ,  .  .  .  ,  k  (we set  C k 1 1  5  C 1 ) , and  C i  >  C j  5  c  if  u i  2  j u  >  2 . Each cycle of cycles can be
 parameterized by a  k -tuple (  p 1  ,  .  .  .  ,  p k ) ,  where  p i  is the length of the cycle  C i  .  Cyclic
 shifts of (  p 1  ,  .  .  .  ,  p k ) are parameterizations of the same graph and will be considered
 equivalent to (  p 1  ,  .  .  .  ,  p k ) . Let us mention that the complete graph  K 4 on four vertices ,
 that is obviously a cycle of cycles , has parametrization (3 ,  3 ,  3) .
 The class of cycles of cycles is interesting because it contains examples of graphs that
 are not  l 1 -graphs , an  l 1 -graph that is not  l 1 -rigid , and most of these graphs are  l 1 -rigid . It
 also contains many graphs not covered by Prisakar , Soltan and Chepoi (those
 containing triangles or an inner vertex of degree 3) .
 The main technical concept we will use is the concept of a convex cut of a graph . If
 G  5  ( V ,  E )  is a graph , then a set  D  Ô  V  is  con y  ex  if it contains with any two vertices
 u ,  y  P  D  all vertices  w  P  D  such that
 d G ( u ,  y  )  5  d G ( u ,  w )  1  d G ( w ,  y  ) .
 A  con y  ex cut  of  G  is a partition of  V  into two blocks such that both blocks are
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 convex . Moreover , if the vertices of an edge  e  P  E  lie in dif ferent blocks of the convex
 cut , then we say that the cut  cuts  the edge  e .
 L EMMA 1 .  Let  G  5  ( V ,  E )  be a graph and let  w :  V  5  h 0 ,  1 j m be a scale embedding of
 G  into  H m . Then for e y  ery i  5  1 ,  .  .  .  ,  m the equi y  alence relation u  , i  y   if f  w ( u ) i  5  w ( y  ) i
 is con y  ex cut of  G .
 P ROOF .  Let  w  be scale embedding with scale  l .  Let  V 0 be the set of all  u  P  V  such
 that  w ( u ) i  5  0 , and take any  u ,  y  P  V 0 and  w  P  V  such that  d G ( u ,  y  )  5  d G ( u ,  w )  1
 d G ( w ,  y  ) .  Then  l d G ( u ,  y  )  5  d H ( w ( u ) ,  w ( y  )) ; hence  w ( u ) and  w ( y  ) dif fer in exactly
 l d G ( u ,  y  )  co-ordinates . Let us denote the set of co-ordinates in which  w ( u ) and  w ( y  )
 dif fer by  A u , y  .  Hence  i  ¸  A u , y  and  l d G ( u ,  y  )  5  u A u , y  u .  From  A u , y  5  A u , w  n  A w , y  Ô  A u , w  <
 A w , y  and  d G ( u ,  y  )  5  d G ( u ,  w )  1  d G ( w ,  y  ) we obtain that the sets  A u , w  and  A w , y  are
 disjoint . Hence  i  is an element of neither of them .
 By replacing  w  by ( w  1  1)  mod  2 we obtain that the set  V 1  5  h u  P  V  :  w ( u ) i  5  1 j  is also
 convex .  h
 Next we characterize convex cuts in cycles of cycles . Since every cycle  C i  is an
 isometric subgraph of the whole cycle of cycles , we obtain that the intersections of both
 blocks of the cut with the set of vertices of  C i  form a convex cut of  C i .  However , the
 convex cuts of cycles are easy to find . If the cycle has even length 2 n ,  then all convex
 cuts of the cycle consists of two connected paths of  n  vertices . And if the cycle has odd
 length 2 m  1  1 , then every convex cut of the cycle consists of two connected paths of  m
 and  m  1  1 vertices . Let us call them the short and the long block respectively .
 L EMMA 2 .  Let A ,  V  2  A be a con y  ex cut in a cycle of cycles  G  5  ( V ,  E )  dif ferent
 from  K 4  and suppose that c  ¸  A . Then one of the following conditions holds :
 (1)  A intersects only one of the cycles C i . In this case the length p i of C i is at least  5 .
 (2)  A intersects two neighbouring cycles C i and C i 1 1  . If both C i and C i 1 1  ha y  e odd
 lengths , then A intersects one of the cycles in the short block and the other in the long
 one . In the remaining cases the intersections of A with the two cycles can be arbitrary .
 (3)  A intersects three neighbouring cycles C i 2 1  ,  C i and C i 1 1  . In this case p i  5  3  and the
 parametrization of  G  dif fers from  (2 m  1  1 ,  3 ,  2 n ) ,  (2 m ,  3 ,  2 n )  and  (2 m ,  3 ,  2 n ,  3) .
 Con y  ersely , if A satisfies one of the three conditions , then A ,  V  2  A is a con y  ex cut .
 P ROOF .  If  A  intersects just  C i , then it can intersect neither  e i 2 1 ,i  nor  e i ,i 1 1 . Hence
 the length of  C i  must be at least 5 . It is a straightforward check that if we take any
 convex cut of  C i  not intersecting the edges  e i 2 1 and  e i 1 1 , then the complement in  V  of
 the block  A  containing the centre  c  is also convex ; hence  A ,  V  2  A  is a convex cut of
 G .
 If  A  intersects two cycles  C i  and  C i 1 1 , then it must intersect the edge  e i ,i 1 1 . Now if
 both  p i  and  p i 1 1 are odd and  A  intersects both  C i  and  C i 1 1 in long blocks , then
 convexity of  A  implies  c  P  A , contrary to our assumption . Similarly , if  A  intersects both
 cycles in the short blocks , then  V  2  A  is not convex . In the remaining cases it is a
 straightforward check that if  A  intersects just the two cycles , then  A ,  V  2  A  is a convex
 cut of  G .
 Now if  A  intersects three cycles  C i 1 1  ,  C i  and  C i 1 1 , then it has to intersect both  e i 2 1 ,i
 and  e i ,i 1 1 . Then  V  2  A  contains just one vertex of the cycle  C i ; hence  p i  5  3 .  If the
 parametrization of  G  is (2 m  1  1 ,  3 ,  2 n ) ,  then  A  must intersect the odd cycle in the short
 block , by part (2) , and the even cycle in the path of  n  vertices . But then  A  is not
 convex . Similarly , if the parameterization of  G  is either (2 m ,  3 ,  2 n ) ,  or (2 m ,  3 ,  2 n ,  3) ,
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 then  A  has to intersect both even cycles in paths of  m  and  n  vertices . But then  A  is not
 convex . In the case remaining cases it is again easy to check that both  A  and  V  2  A  are
 convex .  h
 Let us call an edge  e  P  E  odd if it is cut by an odd number of convex cuts of
 G  5  ( V ,  E )  and even otherwise .
 L EMMA 3 .  Let  G  5  ( V ,  E )  be a cycle of cycles not parametrized by  (3 ,  3 ,  3) ,
 (2 m  1  1 ,  3 ,  2 n ) ,  (2 m ,  3 ,  2 n )  or  (2 m ,  3 ,  2 n ,  3) . Then e y  ery edge of  G  is cut by at least one
 and at most two con y  ex cuts of  G .  Moreo y  er , all edges cut by the same con y  ex cut of  G
 ha y  e the same parity .
 P ROOF .  The first claim follows from case-by-case checking using Lemma 2 .
 The second claim can be proved in the same way . Since  G  dif fers from the
 exceptional cases , every convex cut of any  C i  can be extended to a convex cut of the
 whole graph  G . The extension is unique if the length  p i  of  C i  is odd . Hence every edge
 of an odd region is even .
 A convex cut of an even cycle  C i  can be extended to two dif ferent convex cuts of  G
 if f it also intersects one of the two neighbouring cycles  C i 2 1 and  C i 1 1 and the other
 intersected cycle is odd .
 Finally , if both  C i 2 1 and  C i 1 1 have an even length , then every convex cut of  C i
 extends to a unique convex cut of  G .  h
 T HEOREM 1 .  A cycle of cycles is an l 1 - graph if f it is not parametrized by
 (2 m  1  1 ,  3 ,  2 n ) ,  (2 m ,  3 ,  2 n )  or  (2 m ,  3 ,  2 n ,  3) .
 P ROOF .  Let  G  5  ( V ,  E ) be a cycle of cycles not parameterized by (3 ,  3 ,  3) ,
 (2 m  1  1 ,  3 ,  2 n ) ,  (2 m ,  3 ,  2 n ) or (2 m ,  3 ,  2 n ,  3) .  Let  A j  , V  2  A j  , j  5  1 ,  .  .  .  ,  q , be all convex
 cuts of  G , the cuts cutting the odd edges taken twice . Then every edge of  G  is cut by
 exactly two of the cuts  A j  , V  2  A j  , j  5  1 ,  .  .  .  ,  q .
 Let us define a binary addressing  w :  V  5  h 0 ,  1 j q  by
 w ( y  ) j  5  1  if f  y  P  A j  .
 We shall prove that  w  is a 2-scale embedding of  G  into  H q .
 Let  d G ( u ,  y  )  5  d  and  u  5  u 0  ,  u 1  ,  .  .  .  u d  5  y   be a path in  G . Then every cut  A j  , V  2  A j
 containing  u ,  y   in dif ferent blocks has to cut at least one of the edges  h u i  ,  u i 1 1 j ,
 i  5  0 ,  .  .  .  ,  d  2  1 . Conversely , any convex cut cutting one of the edges  h u i  ,  u i 1 1 j ,
 i  5  0 ,  .  .  .  ,  d  2  1  must contain  u ,  y   in dif ferent blocks ; otherwise it would not be a
 convex cut . Since  d G ( u ,  y  )  5  d , every convex cut can cut at most one of the edges
 h u i  ,  u i 1 1 j , i  5  0 ,  .  .  .  ,  d  2  1 .  Hence  w ( u ) and  w ( y  ) dif fer in exactly 2 d  co-ordinates . Since
 K 4 is easily seen to be an  l 1 -graph , the first part of the theorem is proved .
 In each of the graphs parametrized by (2 m  1  1 ,  3 ,  2 n ) ,  (2 m ,  3 ,  2 n ) or (2 m ,  3 ,  2 n ,  3) ,
 we can find vertices  y 1  ,  y 2  ,  y 3 and  x 1  ,  x 2 such that
 O
 1 < i , j < 3
 d G (  y i  ,  y j )  1  d G ( x 1  ,  x 2 )  .  O 3
 i 5 1
 O 2
 j 5 1
 d G (  y i  ,  x j ) .
 Since this inequality violates the so called 5-gonal inequality that is known to be
 necessary for  l 1 -embeddability (see , e . g ., [1]) , none of the graphs parametrized by
 (2 m  1  1 ,  3 ,  2 n ) ,  (2 m ,  3 ,  2 n ) or (2 m ,  3 ,  2 n ,  3) is an  l 1 -graph .
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 T HEOREM 2 .  An l 1 - embeddable cycle of cycles  G  5  ( V ,  E )  is l 1 - rigid if f it is dif ferent
 from  K 4 .
 P ROOF .  If  G  is a bipartite  l 1 -graph , then it is  l 1 -rigid by [2] . If it is not bipartite , then
 any  l 1 -embedding of  G  must have scale 2 . By Lemma 1 , every co-ordinate in any
 embedding corresponds to a convex cut of  G . Since the  l 1 -embedding defined in the
 proof of Theorem 1 uses all convex cuts of  G  and with the only possible multiplicity , it
 is in fact the only  l 1 -embedding of  G  into a hypercube with scale 2 .
 Since  K 4 is known to have two essentially dif ferent embeddings into hypercubes (see
 [2]) , the theorem is proved .  h
 Since the skeleton of football (truncated icosahedron) is not an  l 1 -graph (see [3]) ,
 there exists a planar graph without triangular regions that is not an  l 1 -graph .
 One can check directly that the size (i . e . the minimum of the dimension of the
 host-hypercube divided by the scale) of an  l 1 -cycle of cycles parametrized by
 (  p 1  ,  .  .  .  ,  p k )  is  2 k  1  1 / 2  o k 1  p i  5  ( u V  ( G ) u  l  2  1) / 2 .  It is  u V  ( G ) u / 2 for any path of cycles .
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